SECTION 13.2: VECTORS IN SPACE

We make our jump to three dimensions by adding a third spatial dimension at a right angle to the two spatial
dimensions we are accustomed to. As before, the origin is the point where all the axes intersect. Here, the
x-coordinate is how far out (or back) a point is positioned from the origin; the y-coordinate is how far to the
right or left the point is from the origin; the z-coordinate is how far above or below a point is from the origin,
The positive directions of the axes follow the ‘right hand rule’ convention.

In the figure below, label the axes and plot the points: P(2,3,4), Q(3,—2,-3), R(—3,2,2), and 0(0,0,0).
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In the figures below, shade the indicated plane:
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xy-plane

yz-plane

v

xz-plane

RECALL: What does it mean to graph an equation involving two variables (say x and y)?

For example, x =3, y = x2, etc.?



GRAPHING EQUATIONS: The graph of an equation involving the variables x, y, and/or z is the set of all
points whose coordinates (x, y, z) satisfy the given equation.

EXAMPLE 1: In the figures below, shade or otherwise describe the graph of the equation.
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EXAMPLE 2: Determine an equation for the following planes:

1. The xy-plane:

2. The yz-plane:

3. The xz-plane:

EXAMPLE 3: In the figures below, shade or otherwise describe the graph of the equation.

A 4 A

x+y=3 (x+1)(z—-2)=0 y2+2z2=9



DISTANCE AND MIDPOINT FORMULAS:
DISTANCE: We have Pythagoras to thank for the following:

e In the plane: the distance between the points P(xo, yo) and Q(x1, y1) is

d = /(1= x0)? + (1 = Yo = \/(8x)? + (By)?

e In space (thanks to that 90° angle), the distance between the points P(xo, yo, Z0) and Q(x1, y1,z1) is

d= \/(Xl —x0)>+ (1 —y0)* + (21— 20)* = \/(AX)2 +(Ay)? +(Az)?
e NOTE: On the number line, the distance between x; and xg is

d = —x0| = /(a —x0)2 = \/(Ax)?

MIDPOINT:

e In the plane: the midpoint of the line segment connecting P(xo, yo) and Q(x1, y1) is

M — <X1 +X0 y1+Y

R > = (x,y) = (average x, average y)

e In space: the midpoint of the line segment connecting P(xo, Yo, z0) and Q(x1, y1,z1) is

M = (Xl —;XO, N -;)/0, z ZZO) = (X,y,z) = (average x, average y, average z)
X1 + Xo

e NOTE: On the number line, midpoint of the line segment connecting x; and Xxg is the average, X = 5

EXAMPLE 4: Let P(1,2,3) and Q(4, —2, 15).

1. Find and simplify the distance between P and Q.

Ans: v/169 = 13 units.

2. Find the midpoint of the line segment connecting P and Q.

5
Ans: | - .
ns (2,0,9>



SPHERES:
e RECALL: A circle centered at (xo, yo) with radius r is the set of all points in the plane which are exactly
r units away from (xp, yo). Thanks to the distance formula, the equation describing such a circle is
(x=x0)+(y =) ="r’

e RECALL: A disk (disc) centered at (xp, yo) with radius r is the set of all points in the plane which are at
most r units away from (xo, o). The equation describing such a disk is

(x—x)P+(y—w)3P<r?

e RECALL: A sphere centered at (xo, yo, Zo) with radius r is the set of all points in space which are exactly
r units away from (xo, o, 2p). Thanks to the distance formula, the equation describing such a sphere is
(x=x0)>+(y —n)+(z—2)=r

e RECALL: A ball centered at (xo, yo, z0) with radius r is the set of all points in space which are at most
r units away from (xo, yo, 2zp). The equation describing such a sphere is

(x=x0)+(y—y)+(z—2)<r

EXAMPLE 5: Work each problem below algebraically and check your answer using a graphing utility.

1. Write the equation of the ball which has P(1,2,3) and Q(4, —2,15) as endpoints of a diameter.

RECALL: A diameter of a sphere is a line segment connecting two antipodal points on the sphere (that
is, the line segment connects two points and also contains the center.)

2. Find the center and radius of the sphere: x> 4+ y? — 6y + z°> + 8z = 0.

Ans: center: (0,3, —4), radius: 5.

3. Show that if you ‘slice’ the sphere x? + y? — 6y + z> + 8z = 0 by the plane x = 3, the result is a circle.



VECTORS IN SPACE: No surprises! Let P(xo, yo,20) and Q(x1, y1,z1). The component form of @ is
@ = (x1 —x0.y1 — Y0, 21 — 20) = (Ax, Ay, Az)

EXAMPLE 6: Let P(1,2,3) and Q(4, —2,15).

1. Find the component form of @

Ans: PG = (3, —4,12)

2. Find the terminal point of vV if V = @ and the initial point of v is (2,1, —7).

Ans: (5,-3,5)
3. Find ||PQ)]].
Ans: ||PQ] = V169 = 13.
4. Find PQ.

— /3 4 12
Ans. PQ=( > — 2 2
ns: PQ <13' 13'13>

UNIT VECTORS:
e The x-direction: i = (1,0,0)
e the y-direction: j: (0,1,0)
e the z-direction: k = (0,0, 1)

EXAMPLE 7: Write the component form of vV = 3i — 2] + k.

Ans: (3,-2,1)
HOMEWORK: Section 13.2: 9 - 73 every other odd, 85*



